The main result asserts: Let G be a reductive, affine algebraic group and let (ρ, V ) be a regular representation of G. Let X be an irreducible C × G invariant Zariski closed subset such that G has a closed orbit that has maximal dimension among all orbits (this is equivalent to: generic orbits are closed). Then there exists an open subset, W ,of X in the metric topology which is dense with complement of measure 0 such that if x, y ∈ W then (C × G) x is conjugate to (C × G) y . Furthermore, if Gx is a closed orbit of maximal dimension and if x is a smooth point of X then there exists y ∈ W such that (C × G) x contains a conjugate of (C × G) y . The proof involves using the Kempf-Ness theorem to reduce the result to the principal orbit type theorem for compact Lie groups.
Introduction
This paper is a spin-off from some joint work [GKW] and [SWGK] related to quantum information theory. In the first of these papers we proved a result that could have been derived from the LunaÉtal Slice Theorem [Lu] . But since physicists were the intended audience, we decided to give a proof of the needed geometric result that "only" used the principal orbit type theorem for compact transformation groups. Luna's theorem does not directly imply the result in either paper and in the second paper the method in the first using invariant theory to reduce the needed result to one in which the slice theorem applies was unavailable. Thus the reduction to compact groups was the simplest route in that case.
In Richardson [Ri] (Theorem 5.3), Luna [Lu] (Theorem 8) there is a proof that if X is a smooth affine G space with G reductive acting morphically then there is a Zariski open, non-empy subset U ⊂ X such that if x, y ∈ U then G x = {g ∈ G|gx = x} and G y are conjugate.
The main results in this paper prove similar theorems under stronger hypotheses on the group action. The main result asserts: Let G be a reductive, affine algebraic group and let (ρ, V ) be a regular representation of G. Let X be an irreducible C × G invariant Zariski closed subset such that G has a closed orbit that has maximal dimension among all orbits (it his is equivalent to: generic orbits are closed). Then there exists an open subset, W ,of X in the metric topology which is dense with complement of measure 0 such that if x, y ∈ W then (C × G) x is conjugate to (C × G) y . Furthermore, if Gx is a closed orbit of maximal dimension and if x is a smooth point of X then there exists y ∈ W such that (C × G) x contains a conjugate of (C × G) y . An example of the difference between the two theorems the latter implies directly that if X is smooth (e.g. X is affine space and G acts linearly) and if there is one closed G-orbit, Gx, such that (C × G) x = {I} then the generic isotropy group is trivial (this is the result proved in [GKW] and [SWGK] ). The LunaÉtal Slice theorem implies that the generic isotropy group for G is trivial but this does not directly imply the result for C × G. (See example 2 in the last section.)
The Richardson-Luna theorem described above implies that the set W in our theorem contais a non-empty Zariski open subset. Notice, that in many examples only one orbit of C × G is closed in X so the LunaÉtal Slice Theorem does not directly apply.
We also note that the same arguments prove the analogue of the above result for G acting on an Zariski closed irreducible subst of V . This result is a direct consequence of the LunaÉtal Slice Theorem and the Richardson-Luna principal orbit theorem applied to the smooth points. We feel that there is still a benefit to having our argument in the literature since it is based on the the Kempf-Ness Theorem (an amazing interaction between Freshman Calculus and the Hilbert-Mumford Theorem) and the Principal Orbit Type Theorem for compact Lie groups which are more elementary than the Luná Etal Slice theorem.
In the last section we give two examples. The first is an action on affine space where there is an orbit with thrivial stabilizer but the generic orbit G has stabilizer of order 8. This example also shows why one can't apply the theorem for compact Lie groups directly. Since in this example the generic stabilizer for a maximal compact subgroup must be trivial. We thank Hanspeter Kraft for pointing out a blunder in an early version of this note. We also thank our co-authors in [SWGK] for pushing for a path to the geometric results we needed that could be understood by non-experts in algebraic transformation groups.
2 The Kempf-Ness Theorem.
Let G be a Zariski closed, reductive algebraic subgroup of GL(n, C). We can assume that g * ∈ G for all g ∈ G (g * the conjugate transpose of g) see e.g. [Wa] , Theorem 3.13. Let K = G ∩ U(n). Then K is a maximal compact subgroup of G and G is the Zariski closure of K in GL(n, C). Let V be the G-module C n with the G action as a subgroup of GL(n, C). Let . . . , . . . equal to the standard Hermitian inner product on V . We say that element v ∈ V is critical if f X (v) = Xv, v = 0, X ∈ Lie(G). We use the notation Crit(V ) for the set of critical elements. In the literature this set is usual called the Kempf-Ness set. Then Crit(V ) is a real algebraic sub-variety of V . Since
as a real subspace the f X with X ∈ Lie(K) define Crit(V ). Recall the Kempf-Ness Theorem [KN] (cf. [Wa] Theorem 3.26).
Theorem 1 Let G, K be as above. Let v ∈ V . 1. v is critical if and only if gv ≥ v for all g ∈ G.
2. If v is critical and X ∈ Lie(G) is such that X * = X and if e X v = v then Xv = 0.
3. If v, w are critical and w ∈ Gv then w ∈ Kv.
Thus Xv = 0. Hence kv = v so g * = e X k −1 ∈ Kv.
Some consequences
Let G be a reductive, affine algebraic group and let X be an irreducible affine variety on which G acts. It is standard that there exists a regular
and an equivariant isomorphism Ψ : X → Y . For simplicity we replace G with σ(G) and X with Y . We can so assume that there is an inner product . . . , . . . on V such that G is invariant under adjoint with respect to . . . , . . . . (cf. [Wa] Proposition 3.3 and Theorem 3.13). Thus G, V is exactly as in the previous section. Let K and Crit(V ) have the meanings above.
We set Crit(X) = X ∩ Crit(V ). If x ∈ X then Gx is closed X if and only if it is closed in V . Thus X c , the union of the closed orbits in X, is equal to X ∩ V c . Also
We also set X reg equal to the set of smooth points of X and X c d(X) equal to the union of the closed G-orbits in X of dimension equal to d(X).
In addition we set
then X ≤r is Zariski closed in X, X ≥r is Zariski open in X and both are G-invariant.
Proof. We may assume that G is connected since dim
Then Gx is closed and Gx ∩ X ≤d−1 = ∅. Thus there exists u x ∈ O(X) G such that u x (Gx) = {1}, u x (X ≤d−1 ) = {0}(cf. [Wa] 3.13). We assert that the principal open set
Since u x is constant on the closure of Gy, every G-orbit in the closure of Gy has dimension d. This implies that Gy is closed. Clearly
Proof. We note that, since X is irreducible and both X reg and X 
Then g j is real valued. We assert that
Let ω(x, y) = Im x, y for x, y ∈ V . Then ω is a nondegenerate, alternating R-bilinear form on V which is non-degenerate on any complex subspace of V in particular on T x (X) for x a smooth point of X. Furthermore, if w ∈ V then
are linearly independent. This implies that
is the union of these submanifolds.
is non-empty and connected.
Proof. We can assume that G is connected since X c d and Crit o (X) are the same for G and its identity component. We consider the map
We assert the the differential of Ψ is surjective. Indeed, the tangent space at
(see the proof of Proposition 5). If X, Y ∈ Lie(K), x ∈ Crit o (X) ∩ X reg and if ω is as above then
We also note that Re . . . , . . . defines a positive definite symmetric form on V as a vector space over R. Thus
which is of real dimension 2 dim X. This implies that Ψ is an open mapping in the metric topology. Corollary 4 implies that V c d ∩ X reg is irreducible as a quasi-affine variety over C hence it is connected in the metric topology (cf. [Sh] Book3 Section 7.3 Theorem 7.2). We note that
with g 1 , g 2 ∈ G and u 1 ∈ U i and u 2 ∈ U j . Thus g −1 1 g 2 u 2 = u 1 . Hence Theorem 1 implies that there exists k ∈ K such that ku 2 = u 1 . Thus implies U i = U j . On the other hand we have seen that the map 4 Semi-stability groups.
In this section we consider the following situation. V a finite dimensional vector space over C and G ⊂ GL(V ) a Zariski closed, reductive subgroup. We assume that V c , the set of x ∈ V such that Gx is closed, is not equal to {0}. If H is an algebraic group then H o will denote its identity component. We may (as above) assume that there is a Hermitian inner product, . . . , . . . , on V such that G is invariant under adjoint. Set U equal to the unitary group of (V, . . . , . . . ) and K = G ∩ U.For the sake of simplicity we choose an orthonormal basis of V and identify V with C n and . . . , . . . with the usual inner product on C n .
Lemma 7 Let x ∈ V c − {0}. If z ∈ C × , g ∈ G and zgx = x then there exists r = r x depending only on x such that z r = 1.
Proof. Assume that x ∈ V c − {0}, z ∈ C × , g ∈ G and zgx = x. There exists f ∈ O(V ) G such that f is homogeneous of degree r > 0 and f (x) = 1. Thus
Thus we have a morphism χ :G x → µ r (µ r is the group of r-th roots of 1) defined by
To see that χ is regular choose λ ∈ V * such that λ(x) = 1. If g ∈G x then
Proof. The Kempf-Ness theorem implies that we may assume that x ∈ Crit(V ). Let g ∈G x and g = ke X with k ∈ G ∩ U(n) and X ∈ Lie(G), X * = X. then gx = ξx and since ξ r = 1, |ξ| = 1. Thus
Hence, the Kempf-Ness theorem implies that Xx = 0. Thus X ∈ Lie(G x ) hence k ∈G x . Obviously Lemma 9 Let x ∈ V c be and let r = r x be as in Lemma 7. If ξ ∈ µ r set G x,ξ = {g ∈ G|gx = ξx}.
Proof. Since C × G is invariant under adjoint (C × G) ∩ U is a maximal compact subgroup. Let z ∈ C, k ∈ K and X ∈ Lie(G) with X * = X. Then zke X ∈ U if and only if e 2X = |z| −2 I. If |z| = 1 then C × I ⊂ G. But we have assumed that V c = {0}. Hence |z| = 1. Note that (C × G) x is invariant under adjoint. Indeed, if x = 0 then if zg ∈ (C × G) x with z ∈ C × and g ∈ G then z rx = 1. Let g = ke X with k ∈ K, X ∈ Lie(G) and X * = X. Then
thus Xx = 0 hence X ∈ Lie(G x ). This implies that kx = z −1 x. Now (zg)
A principal orbit type theorem
We maintain the notation of the previous section. Let X ⊂ V be an irreducible Zariski closed and C × G invariant. 
Proof. Let Crit o (X) be as in section 3 for G. Then S 1 K acts on Crit o (X) ∩ X reg which we have seen is a smooth, connected, real submanifold of V . The principal orbit type theorem for compact Lie group actions on connected smooth manifolds (cf. [Br] Theorem 3.1 p. 179) implies that there exists a closed subgroup L of S 1 K that is a stabilizer of a point in
To prove this we observe that the map η :
Observing that if Y ∈ p and z ∈ Z i then
c ∩ X reg of the image is a union of submanifolds of lower dimension. Since the complement of X c d is contained the union of a finite number complex hypersurfaces the theorem follows.
Note that the same method of proof proves
There exists a reductive subgroup, H, of G that is the stabilizer of a point in
Furthermore the set of x ∈ X c d ∩ X reg with stabilizer conjugate to H is open in X in the metric topology and its complement is a finite union of real submanifolds of real dimension strictly less than 2 dim X.
In Luna [Lu] Theorem 8 asserts that if X smooth then there is a closed subgroup, H, of G such that the set of x ∈ X such that G x is conjugate to H 1 has Zariski interior. Thus under our hyptheses Luna's H 1 is conjugate to the H in the above theorem (since a non-empty metric open dense set must intersect a Zariski open non-empty set in an irreducible variety). Thus the metric open set in the theorem contains a non-empty Zariski open set.
6 Examples.
1. In this example of a pair (G, V ) the subgroup H described in Theorem ?? is a group of order 8. However, there are elements in V with trivial stabilizer.
Let
This corresponds to the split (i.e. the corresponding real form is split over
G is generated by homogeneous algebraically independent invariants of degrees 2, 4, 4, 6. Thus the nullcone is of dimension 12. This pair can be realized as follows:
. Any closed orbit must intersect the diagonal. The subgroup of G that acts trivially in the diagonal is the subgroup
This is a group of order 8. The invariants mentioned above can be taken to be trXX
G is a subgroup of the version of D 4 of adjoint type and V is the G-invariant complement of Lie(G) in D 4 . Since the pair is split, V contains a principal nilpotent element of D 4 . Since we are in the case of adjoint type the stabilizer in D 4 of such an element, x, consists of unipotent elements. Thus G x consists of unipotent elements and is of dimension 0 (since the orbit of x is open in the null cone). Thus it is trivial. An example of such an element is (e 1 , e 2 the standard basis of C 2 ) e 1 ⊗ e 1 ⊗ e 2 ⊗ e 2 + e 1 ⊗ e 2 ⊗ e 1 ⊗ e 1 + e 2 ⊗ e 1 ⊗ e 1 ⊗ e 2 + e 2 ⊗ e 1 ⊗ e 2 ⊗ e 1 .
This implies that the principal orbit type for K = SU(2) ⊗ SU(2) ⊗ SU(2) ⊗ SU(2) on V has trivial stabilizer. Note that the group H in 12 is the group of order 8. Thus in general his principal orbit type is not a minmal orbit.
2. This is an example with a critical element having a trivial stabilizer in G but not in C × G. Consider C × G = GL(2) ⊗ GL(2) ⊗ GL(2) ⊗ GL(2) ⊗ GL (2) and G = SL(2) ⊗ SL(2) ⊗ SL(2) ⊗ SL(2) ⊗ SL(2)
Let w be the sum of the elements e i 1 ⊗ e i 2 ⊗ e i 3 ⊗ e i 3 ⊗ e i 3 with all of the i j except for one, say i k , equal to 2 and i k = 1. That is w = e 1 ⊗ e 2 ⊗ e 2 ⊗ e 2 ⊗ e 2 + e 2 ⊗ e 1 ⊗ e 2 ⊗ e 2 ⊗ e 2 + . . .
Then the element
v = e 1 ⊗ e 1 ⊗ e 1 ⊗ e 1 ⊗ e 1 − 1 √ 3 w is critical and G v = {I}. However, the element g ∈ G given as follows: Let ξ 2 = i (i.e. ξ is a primitive eighth root of 1) and set
We have gv = ξ −3 v.
In [GKW] we have shown that the set of x ∈ V such that Gx is closed and (C × G) x is trivial is open and dense in V . This type of element, v, was studied in [Wa] , Theorem 5.1.4. It also plays a role in [GKW] the element g as above was pointed out to us by David Saurwein.
